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STRESS~STRAIN RELATIQNS IN LAMINAR MEDIA
L. P. Khoroshun

ABSTRACT

Derivation of stress-strain relations are presented
for a laminar anisotropic medium from the known mechan-
ical properties of the layers. Expressions are obtained
for determining the stresses and strains in the individ-
ual layers from the known average values of the stresses
and strains. The cases are examined in which the layers
are elastic isotropic, elastic anisotropic or visco-
elastic anisotropic. The results are applied to the cal-
culation of the mechanical characteristics of seversl
fiber-reinforced plastics.

1. The physical constants of materials (elastic moduli, viscous J1ux
constants and others), obtained experimentally as samples with a macroscopic
structure, are the mean characteristics of the physical constants of struc-
tural elements forming a particular body, which in the general case may be
nonhomogeneous and anisotropic. Some of the simplest forms of structurally
nonhomogeneous materials are plastics consisting of a large number of alter-
nating homogeneous layers (see illustration).
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If the loads acting on such a body are. such that the stresses and strains
in nearly identical layers may be considered identical, such a structurally

*Numbers given in margin indicate pagination in original foreign text.
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nonhomogeneous medium may be considered an averaged homogeneous anisotropic
medium. The principal parameters will be the mean stresses and strains.

The mean physical constants of such materials can be determined analytically
by knowing the physical constants and the structure of the component elements,

We will consider an elastic body con51st1ng of cohesive alternating iso-
tropic layers. The Lamé constants of this body are functions of the single
variable Xq and the relationships between the stresses and strains have the
form : ‘

-2p.(xl) +x(x,) Ok (/,k_l 2, 3) (1.1)

Assume the body is in a homogeneous, stressed and strained state charac-
terized by the mean tensor of stresses <cjk> (illustration) and the mean

>tensor of strains <€Jk> The stresses gjk and the strains ejk arising in the
layers in this case will be functions of the one variable xl, and therefore
the equilibrium equations'can be integrated; as a result we obtain

/oy =4 (=122 (1.2)

Here Aj are the ihtegration constants.

The stresses, strains and movements arising in the layers, to which [15
for brevity we will apply the term "local," may be represented in the form

/ 'l 0 =(0y) + w = <“lk> + e ( )
/ \ 1.3
/14=( Qxfru, & @“qf+uqu (Lk:l.ZSLk :
where G?k, e?k, u? are the fluctuations of the stresses, strains and movements,
Y J J :

respéctively, along the Xy coordinate. !

After substituting expressions (1.1) and (1.3) into the integrals of the
equilibrium equations (1.2) we obtain the equations

Wyt (F W RS, = 4 —2(e) = (e,)0, ”(1=1.a,3) (1.4)




whose solutions have the form

. A —2u(e ) —Ar(e, oo
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The integration constants A are determined from the condition of a zero

J
value of the mean values of the fluctuations u0
2

. A '>

/" (”x + X ) < .
: n)o, + p (7~+u)6 el
JA=2 ( (e} + L—(e,) 9, (1.6)
<(7~ + 1) o,+ u> : (7~ + u) 61,-:- m

Substituting (1.5) and (1.6) into expressions (1.3), we find the values
of the local stresses, strains and movements from the known mean strains.

Due to the unwieldiness of these expressions we cite only those for local
stresses
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from which it can be seen that the movements along the x) coordinate will /16

be fhe stresses ¢ c and o__.
. 22’ "33 23

Averaging relations (1. 7), we obtain the elastic relationships between the
mean stresses and strains

[ S
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On the basis of relationships (1.7) and (1.8) it is easy to find expressions
for local stresses on the basis of known mean stresses.

Thus, as a result of averaging, the considered layered body is reduced to
& transversally isotropic elastic medium, for which the relationships between
the stresses and strains have the form (1.8). If the body consists of alter-
nating layers, some of which have thickness hl and elastic constants xl and

s while others have the thickness h2 and the elastic constants ke and.ue,

the expressions for the mean moduli in relationships (1.8) will be as /17
Tollows
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2. The layered materials actually encountered in most cases consist of
enisotropic layers. These include DSP, plastics based on different fabrics,
“etc. In this case the elastic relationships between stresses and strains have
the form :

i 0 =Ej 5 (%) 8up = Elkaa(;cl) Ugge (2.1)

L

The tensor of the elastic modulus E kot
: J

8 satisfies the conditions of symmetry

Ejpg =1 ko Enp=Eipa Eppap=Eggpe’ o (2.2)

Substituting the relationships (2.1) into the integrals of the equilib-
rium equations (1.2) and taking into account the representation of (1.3), we
obtain the algebraic equations for the derivatives of the fluctuations of
movements ,

S B = A — Epgg (ogg)- | (2.3)

o e

Their solutions will be

ui.l = Ej—lltl (A/ ;é/iaﬂ <3a5'))» \‘ (2. 4)

—
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where E ~ 1is a matrix, the inverse of E, .
Jkap Jkap

Since the mean values ui | are equal to zero, we find the, integration
constants i

P,

A "‘< /uu)—l <Es—lilz1 sxaa) <"'a5> (2.5)

Then expressions (2.4) assume the form

o

nd«/m)<ﬂmnw> Eip) (2gp)- (2.6)

We find the values of the local strains and stresses from the known mean [}@
strains by substituting (2.6) into expressions (1.3)

eqa bt [ ag ﬁo + 5 Pl (E/_léxbla E;;léxu)«E/_l;J (E:x-;xEswo> Ilao ]<e¢0>;f

(2.7)
Oy = {E'Mbw Bo +35 Erenﬂ E;l-;lalﬁ +
+ Enbi) (B (BB = Eped (e (2.8)

The relationships between the measn stresses and strains are obtained by
averaging relations (2.8)

i ( )"" [(Erqaﬁ) 60.0 BC <E'~705 (Erl;lalﬁ + :

/—1§ln la) (<E11kl><Es_l/lel slco> /xao >-‘ {S

| (2.9)

3. In the same manner in which we obtained the mean values of the elastic
constants of layered materials, we can obtain the mean values of the integrsl
provisional operators desc¢ribing viscoelastic properties of layered media.

In this case the integrals of the equilibrium equations will be some functions
of time

4

The relationships between the local stresses and strains for anlsotroplc
material are represented in the form



" ojk=leaﬁ(xl)aaa=' ihéa(xl)ua.ﬁ’ (3.2)

‘Wwhere the operator L X has the forn
P sk

B t . b ‘\»
" Lyjpp () = Eyp (%)) -+ S Qppap K1 1 —T) AT _ . (3.3)
0 .

and has the properties of symmetry similar to (2.2).

 Froum equations (3.1), (3.2) and the representation (1.3) we obtain

f”&x xu[n(ﬂ ,mg(%ﬁﬂ ' (3.4)

Here L'*  is an operator, the inverse of L

Jkap | Jkap’
We find function fj(t) by averaging (3.4) along the X, coordinate
5/ f,6)= (Ll—ll:l>—l(l‘slkl slaﬂ> <Baﬁ> - (3.5)

as a.result of which expressions (3.4) assume the fofm

= Loy (L) (Libag) = ww ~ (3.6)

—— PR

The . expre551ons for local strains and stresses through the. mean stralns have a
form similar to (2.7) and (2.8)

¢

[600630 +5 (L/_ulx 18 L;;ﬁllala) <L/—lkl> <L;.161leao laq)] <8uﬂ> (3 ) 7)

’ 0,0 = [Lroua (] Bo+ L,qap(L,xax m""

+ Ligdia) <<L,721><L;;L.m> ,,(,Q}@W). | (3.8)

Averaging relationships (3.8) along the x. coordinate, we obtain the /19

1

operator relationships of V1scoelast1c1ty between the mean stresses and the
mean strains
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. . . : i
o (0) = {(L'qaa> Oudso T 5 (Lres <L/u‘zx6w + (3.9)

L,‘,é,am) «L;,LML;;M m)ﬂ <qu>

REFERENCES

" 1. Bolotin, V. V. Principal Equations of the Theory of Reinforced Media

(Osnovnyye uravneniya teorii armirovennykh sred). Mekhanika Polimerov,
No. 2, 1965

2, Wéng Fo Fu, G. A. and Savin, G. N. Principal Relations of the Theory of
Nonfabric Fiberglasses (Ob osnovnykh sootnosheniyakh teorii netkanykh
stekloplastikov). Mekhanika Polimerov, No. 1, 1965.

3. Goltdenblat, I. I. Some Problems of the Mechanics of Strained Media
(Nekotoryye voprosy mekhaniki deformiruyemykh sred). GITTL, 1955.

L, Rabinovich, A. L. A Coupling Equation for the Plane Stressed State of
‘Oriented Fiberglasses (Uravneniye svyazi pri ploskom napryazhennom
sostoyanii oriyentirovannykh stekloplastikov). Doklady Akademii Nauk
SSSR, Vol. 153, No. 4, 1963.




